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Group — A

Answer any three questions from Question Nos. 1t0 5:

1. a) Find the Fourier series for the function f on (-, ] where

-1 if —m<x<0
F(x) = ! T<X<
1 if 0<x<nrm

)"
an-1"

Hence, deduce the value of i

n=1

b) Verify Gauss' theorem for the surface integral H (x? —yz)dydz + (y* — zx)dzdx + (z* — xy)dxdy,
S

where S is the surface of the rectangular parallelopiped 0<x<a, 0<y<b, 0<z<c.

2. a) Discuss the convergence of T'(n) = je‘xx”‘ldx.
0
b) Using Gauss' theorem, show that the value of ” xdydz + ydzdx + zdxdy is 81m, where S is the
S

surface of the region bounded by the cylinder x*+y? =9 and the planes z=0and z = 3.

%
c) Show that B(x,y) = Zj sin”™* 0cos®™ 0 do for x,y > 0.
0

3. a) Obtain the Fourier series expansion of f(x) = x sinx on [—=x, ] . Hence, deduce that
T 1 1 1 1
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b) Compute the volume V, common to the ellipsoid of revolution ?+F+C—2:1and the

cylinder x* +y*—ay =0.

4. a) Prove that J/al'(2x) = 22X‘1F(x)l“(x + %) for x > 0.

2n
b) Provethatj a0 — = 2n , Where r*> =b*+c’and r<a.
v a+bcosO+csin®  (fa? _r?
1 O
c) Showthatjdx j dy =Elog[£]
! : (1+ey)\/(1—x2—y2) 2 l1+e

%
5. a) Show that | logsinxdx is convergent and evaluate it.
0
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b) Prove that j X |092X2 dx is convergent and converges to 0. [5]
o (1+x%)
Answer any two questions from Question Nos. 610 8 : [2x10]
6. a) Provethatpisprimeiff (p—1)4+1=0(modp). [5]
b) If f(n)= Zu(d)F(gj for every positive integer n, then prove that F(n) => f(d). [5]
dln din

7. a) Ifn>2, prove that ¢(n)is even. [3]
b) Define ufunction. Prove that the function pis multiplicative. [3]
¢) Find the smallest positive integer x such that x =3(mod5), x =4(mod7) and x =2(mod3). [4]
8. a) If pisprime and p|ab then prove that either p|a or p|b. [3]
b) If p and p>+8 are both prime numbers, prove that p = 3. [3]

c) Use the fundamental theorem of arithmetic to prove that if p is prime, then \/Eis not a rational
number. [4]

Group—-B

Answer any three questions from Question nos. 9 to 13 : [3%10]

9. a) State the axiomatic definition of probability. Show that conditional probabilities satisfy all the
three axioms of probability. [2+4]
b) Forany n events of a random experiment E prove that P(A/A,...A,) 21—2P(Ai) . [4]

i=1

10. a) If a die is thrown K-times, show that the probability of an even number of sixes is [5]
b) The probability that a product produced by a machine to be defective is 0-01. If 50 products are
taken at random, find the probability that exactly 3 of them will be defective. Approximate it
by Poisson distribution and evaluate the error of approximation. [5]
11.a) The distribution function F(x) of a random variable x is defined as follows :
FX) = A ; —o<x<-1
= B ;o —1<x<0
C ;o 0<x<2
= D ; 2<X <o
where A, B, C, D are constants. Determine the values of A,B,C,D; given that P(x =0) :%,
2
P(x>1) = 3 [5]

b) If X'is a binomial (n,p) variate, then prove that p, , = p(l—p)(nKpK_1 +dde;(] where p, is the

K-th central moment. [5]

(2)



12.a) If X is a Poisson variate with parameter p, show that P(x <n) = lJ.e‘xx”dx, neN. [4]
n
n

b) If X, Y be two random variables such that E(X?), E(Y?), E(XY) exist, then show that
{E(XY)¥ <E(X*)E(Y?). Hence deduce that —1<p(X,Y) <1. [4+2]

13.a) State the Tchebycheff's inequality.
A random variable X has probability density function 12x*(1—x), 0 < x < 1.

Compute P(] x—m|>2c)and compare with the limit given by Tchebyeheff's inequality. [2+4]

b) If the distribution of a random variable X is standard normal, then show that the random
variable X% is a y2(1) variate. [4]
Answer any two questions from Question nos. 14 to 16 : [2x10]
14. a) State and prove the Cauchy-Riemann equation. [5]
b) Prove that the set of zeros of an analytic function is isolated. [5]
15.a) Show that an analytic function with constant modulus is a constant. [4]

b) Let G be aregion and define G*={Z|Z < G}. If f:G — C is analytic, prove that f*:G*— C
defined by f*(Z) =f(2Z) is also analytic. [4]
c) Prove that the series Z n~* convergesin D={ZeC:ReZ>1}. [2]

nx1
16. a) Find the domain of convergence of the power series (2—_) . [2]
+i

b) Find all harmonic functions of the type u = (I)(»\/XZ +Yy?) that are not continuous. [5]

c) Give an example of a function f(Z) =u+iv, for which u, v satisfy Cauchy-Riemann equation
but f is not differentiable. [3]
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